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In this paper we shall consider the relationships between a local version of the
Ž .single valued extension property of a bounded operator T L X on a Banach
space X and some quantities associated with T which play an important role in
Fredholm theory. In particular, we shall consider some conditions for which T does
not have the single valued extension property at a point   C.  2000 Academico
Press
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1. THE SVEP
The single valued extension property is a unifying theme for a wide
variety of bounded linear operators. This property appeared first in Dun-
 ford 5, 6 and has received a systematic treatment in Dunford and
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 Schwartz 7, 1, Part III . In this paper we shall consider a local version of
this property:
Ž .DEFINITION 1.1. Let X be a complex Banach space and T L X .
The operator T is said to have the single alued extension property at
  C, in short T has the SVEP at  , if for every open disc D centeredo o o
at  the only analytic function f : D  X which satisfies the equationo o
I T f   0 1Ž . Ž . Ž .
is the constant function f 0.
T is said to have the SVEP if T has the SVEP for every  C.
The SVEP may be characterized by means of some typical tools of the
Ž .local spectral theory. To see that, let  x denote the local resolvent setT
of T at the point x X, defined as the union of all open subsets U of C
for which there exists an analytic function f : U C which satisfies
I T f   x for all U . 2Ž . Ž . Ž .
Ž .The local spectrum  x of T at x is defined byT
 x  C   x .Ž . Ž .T T
Ž .Remark 1.2. Let   x and let U denote an open neighborhood ofT
Ž . Ž .. If f : U X satisfies the equation I T f   x on U, then
Ž Ž .. Ž . Ž  . f    x for all U see 13, Lemma 1.2.14 . Moreover,T T
Ž . Ž .0  x if and only if   x .IT T
  Ž .THEOREM 1.3 13, Proposition 1.2.16 . Let T L X , and let X be a
Banach space. Then T has SVEP if and only if eery 0 x X the local
Ž .spectrum  x is non-empty.T
The SVEP has a crucial role in local spectral theory. Indeed, if this
property is not enjoyed the spectrum of the operator T presents some
‘‘residual parts’’ which obstruct the construction of a satisfactory spectral
Ž  .theory see for instance Vasilescu 21 . Consequently, it has a certain
interest to find conditions for which an operator has, or does not have, the
SVEP. In this paper we shall be mostly interested in finding conditions for
which an operator does not have the SVEP at a point  . Most of theseo
Ž .conditions concern the ascent p T of the operator T. There is no harm if
we assume   0; for this reason we shall limit ourselves to consideringo
the SVEP at 0. Of course, all the statements may be formulated for an
arbitrary   C by replacing T with  I T.o o
 The paper by Finch 8 is an important source of some results presented
in this article. Our proofs will be somewhat different from those originally
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 given by Finch and we shall emphasize, following Mbekhta 16 , the role
which the analytic core and the hyperrange of an operator have. Most of
these proofs depend upon our main Theorem 1.9 which establishes an
useful characterization of the operators which do not have the SVEP at 0.
We shall begin by introducing some T-invariant subspaces. The first one,
 introduced by Saphar 19 , is the algebraic core of an operator.
DEFINITION 1.4. Given a vector space X and a linear operator T on X,
Ž .the algebraic core C T is defined to be the greatest subspace M of X for
Ž . Ž  .which T M M. Equivalently e.g., 18 ,
C T  x X : there exists a sequence u 	 XŽ . Ž .n
such that x u , Tu  u .4o n
1 n
The second subspace that we shall consider has been studied from 16,
21 and is, in the case that T is a bounded operator on a Banach space, the
Ž .analytic counterpart of C T .
Ž .DEFINITION 1.5. Let X be a Banach space and let T L X . The
Ž .analytical core of T is the set K T of all x X such that there exists a
Ž .sequence u 	 X and  0 for which:n
Ž .1 x u , and Tu  u for every nN.o n
1 n
Ž .   n  2 u   x for every nN.n
Ž . Ž . Ž .Remark 1.6. a Clearly, K T  C T and it easily follows from the
Ž . Ž . Ž Ž ..definition that K T is a linear subspace of C T and that T K T 
Ž .K T .
Ž . Ž . Ž . Ž .b In general, neither C T nor K T is closed. If C T is closed
Ž . Ž .  then C T  K T 14 .
Ž .DEFINITION 1.7. For every bounded operator T L X , X a Banach
space, the quasi-nilpotent part of T is the set
 n 1 nH T  x X : lim T x  0.Ž . ½ 5o
n
Ž .It is easy to verify that H T is a linear subspace of X. In general,o
Ž . m Ž .H T is not closed and ker T H T for every mN.o o
Ž .THEOREM 1.8. For a bounded operator T L X , X a Banach space, we
hae
Ž . Ž .  Ž .4i K T  x X : 0  x .T
Ž . Ž .  Ž .  44ii H T  x X :  x  0 .o T
Ž . Ž . Ž .iii If x ker T K T then  x .T
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Ž . Ž .   Ž .Proof. i and ii have been proved in 16 . iii is an obvious conse-
Ž . Ž . Ž .quence of i and ii , once it is observed that ker TH T .o
By Theorem 1.3 T does not have the SVEP if and only if there exists an
Ž .element 0 x X such that  x . Next result shows a local versionT
of this fact.
Ž .THEOREM 1.9. Suppose that T L X , X a Banach space. Then T does
not hae the SVEP at 0 if and only if there exists 0 x ker T such that
Ž . x .T
Proof. Suppose that there exists an element 0 x  ker T such thato
Ž . Ž .   x . Then, by Theorem 1.8, x  K T . We can assume x  1.T o o o
Ž . Ž .By definition of K T there exists a sequence u 	 X such thatn
  nu  x , Tu  u and u   ,o o n n1 n
1 n  for every n 1, 2. Clearly, the series Ý  u converges for   , son0 n 
1 nŽ . Ž .the function f  Ý  u is analytic on the open disc D 0, . Wen0 n 
have
k
n k
1I T  u   uŽ . Ý n k
n0
k
1 1k
1 k     and  u    . Furthermore, for every   we havek 
k   k
1lim    0, sok
k
nI T f   lim I T  u  0.Ž . Ž . Ž . Ý nž /k n0
Ž .Since f 0  x  0, it follows that T does not have the SVEP at 0.o
Ž .Conversely, suppose that for every 0 x ker T we have  x .T
Ž . Ž .Consider the open disc D 0,  and let f : D 0,   X be an analytic
Ž . Ž . Ž . Ž .function such that I T f   0 for every D 0,  . Then f  
 n Ž . Ž Ž ..Ý  u , for a suitable sequence u 	 X. Clearly, Tu  T f 0  0,n0 n n o
so u  ker T. Moreover, from the equalitieso
 f    0  for every D 0, Ž . Ž . Ž .Ž .T T
Ž Ž .. Ž .we obtain that  f 0   u , so, by assumption, we concludeT T o
Ž .that u  0. For all 0 D 0,  then we haveo

n0 I T f   I T  uŽ . Ž . Ž . Ý nž /
n1

n  I T  u ,Ž . Ý n
1ž /
n1
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and therefore

n0 I T  u for every 0 D 0,  .Ž . Ž .Ý n
1ž /
n0
Ž .By continuity this is still true for every D 0,  . At this point, by using
the same argument as in the first part of the proof it is possible to show
that u  0 and, by iterating this procedure, we conclude that u  u 1 2 3
Ž .			  0. This shows that f 0 on D 0,  and therefore T has the SVEP at
0.
Ž . Ž .Let  T denote the point spectrum of T L X ; i.e.,p
 4 T   C :  is an eigenvalue of T .Ž .p
The following corollary is a more detailed version of the result established
in Theorem 1.3.
Ž .COROLLARY 1.10. Let T L X , X a Banach space. Then T does not
Ž .hae SVEP if and only if there exists    T and a correspondingo p
Ž . Ž .eigenector x  0 such that  x . In such a case T does not haeo T o
the SVEP at  .o
Clearly, if T does not have the SVEP at 0 then T is not injective. The
next result, which easily follows from Theorem 1.9, shows that the converse
is still true if we assume that T is surjective.
  Ž .COROLLARY 1.11 8 . Let T L X , X a Banach space, be surjectie.
Then
T does not hae the SVEP at 0  T is not injectie.
Proof. Suppose T surjective but not injective. Since T is surjective then
Ž . Ž . Ž .C T  X is closed, so, by Remark 1.6, part b , K T  X. Hence
 4 Ž . Ž . Ž .0  ker T K T and therefore, by Theorem 1.8, part iii ,  x T
for every x ker T.
Ž .Clearly, if Y is a closed subspace of X such that T Y  Y and the
restriction T Y does not have the SVEP at 0 then also T does not have
the same property at 0.
This observation, together with Corollary 1.11, suggests how to obtain
Ž .operators without SVEP: if for an operator T L X there exists a closed
Ž .  4subspace Y such that T Y  Y and ker T Y 0 then T does not
have the SVEP at 0.
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2. OPERATORS WITH INFINITE ASCENT
Ž .In this section we look for a subspace Y which verifies T Y  Y and
such that T Y is not injective. A natural candidate is given by the
following T-invariant subspace.
DEFINITION 2.1. Let T be a linear operator on a vector space X. The
hyperrange of T is the subspace
T X  T n X .Ž . Ž .
nN
Ž Ž .. Ž .Generally, T T X  T X , so we are interested in finding condi-
Ž Ž .. Ž .tions for which T T X  T X . Obviously, the last equality will be
Ž . Ž .verified if T X  C T . A simple inductive argument shows that the
Ž . nŽ .inclusion C T  T X holds for all nN. From this it follows that
Ž . Ž .C T  T X .
The next lemma shows that under certain conditions the algebraic core
and the hyperrange of an operator coincide. Although it is not explicitly
 stated a proof of it may be extracted from the proof of 10, Hilfssatz 72.7 .
LEMMA 2.2. Let T be a linear operator on a ector space X. Suppose that
there exists mN such that
ker T T m X  ker T T m
k X for all integers k 0.Ž . Ž .
Ž . Ž .Then C T  T X .
Now, let us introduce two classical quantities associated with an opera-
tor. To every linear operator T on a vector space X there correspond the
two chains:
 4 0 20  ker T  ker T ker T 			
and
X T 0 X  T X  T 2 X 			 .Ž . Ž . Ž .
Ž .The ascent of T is the smallest positive integer p p T , whenever it
exists, such that ker T p ker T p
1. If such p does not exist we let
p
. Analogously, the descent of T is defined to be the smallest
Ž . q
1Ž . qŽ .integer q q T , whenever it exists, such that T X  T X . If such
q does not exist we let q
.
Ž . Ž .It is possible to prove that if p T and q T are both finite then
Ž . Ž .   Ž .p T  q T 10, Satz 72.3 . Note that p T  0 means that T is injective,
Ž .and q T  0 means that T is surjective.
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THEOREM 2.3. Let T be a linear operator on a ector space X. Suppose
that one of the following conditions holds:
Ž .i dim ker T .
Ž . Ž .ii codim T X  .
Ž . Ž .iii p T  .
Ž . Ž .iv q T  .
Ž . nŽ .v ker T T X for all nN.
Ž . Ž .Then C T  T X .
Ž .Proof. i Clearly, if ker T is finite dimensional there exists a positive
integer m such that
ker T T m X  ker T T m
k XŽ . Ž .
for all integers k 0. Hence it suffices to apply Lemma 2.2.
Ž . Ž .ii If codim T X  , for a sufficiently large m we have
ker T T m X  ker T T m
k XŽ . Ž .
Ž  .for all integers k 0 see 10, Hilfssatz 72.7 , so we are again in the
situation of Lemma 2.2.
Ž . Ž .iii If p p T   then
ker T T p X  ker T T p
k XŽ . Ž .
 for all integers k 0 10, Satz 72.1 ; thus we can apply Lemma 2.2.
Ž . Ž .iv If q q T   then, by definition,
ker T T q X  ker T T q
k XŽ . Ž .
for all integers k 0, so Lemma 2.2 applies again.
Ž . nŽ .v Trivially, if ker T T X for all nN then
ker T T n X  ker T T n
k X  ker TŽ . Ž .
for all integers k 0. Hence also in this case we can apply Lemma 2.2.
Ž .THEOREM 2.4. If T L X , X a Banach space, then
T does not hae the SVEP at 0  p T  . 3Ž . Ž .
Proof. Suppose that T does not have the SVEP at 0. Then there exists
Ž . Ž .an element 0 x ker T such that  x . By Theorem 1.8 x K TT
Ž .and therefore there is a sequence u  X such that u  x and Tu n o n
1
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u for every n 0, 1, . . . . We haven
T n
1u  T n Tu  T nu  			  Tu  0Ž .n n n1 o
and
T nu  T n1u  			  u  0,n n1 o
n
1 nfor every n 0, 1, . . . . Hence u  ker T whereas u  ker T .n n
Theorem 2.4 also shows that
p I T   for every  C  T has the SVEP.Ž .
 This property has been observed in 11 by using different methods. There
Ž .are many examples of operators for which p I T   for every
 C, for instance, multipliers of commutative semi-simple Banach alge-
 bras 1 as well as generalized scalar operators and several other classes of
 operators studied in 11 .
Theorem 2.3 establishes that under some purely algebraic conditions the
Ž . Ž Ž .. Ž .hyperrange T X verifies T T X  T X . Now we are interested in
topological conditions which ensure that this space is closed. To do that,
let us introduce some important classes of operators.
Ž .a the class of all upper semi-Fredholm operators

 X  T L X : dim ker T , T X closed , 4Ž . Ž . Ž .

Ž .b the class of all lower semi-Fredholm operators

 X  T L X : codim T X   . 4Ž . Ž . Ž .
Ž . Ž . Ž .The class of all semi-Fredholm operators is S
 X 
 X 
 X ;
 
Ž . Ž .the class of all Fredholm operators is 

 X 
 X . If T
 
Ž . Ž .S
 X the index of T is defined by ind T dim ker T codim T X .
 4The index is an integer or  .
 The proof of the next lemma may be found in 10, Hilfssatz 72.7 .
LEMMA 2.5. Let T be a linear operator on the ector space X. Suppose
Ž .that dim ker T  or codim T X  . Then
 p T    the restriction T T X is injectie.Ž . Ž .
Ž .THEOREM 2.6. Let T S
 X , X a Banach space. Then the following
assertions are equialent:
Ž .i T does not hae the SVEP at 0.
Ž . Ž .ii p T  .
Ž . Ž .iii 0 is a limit point of  T .p
Ž . Ž .Proof. The implication i  ii has been proved in Theorem 2.4.
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Ž . Ž . Ž . Ž .ii  i Suppose that p T  . Assume first that T
 X 

Ž . Ž . Ž . 
 X and Y T X . By Theorem 2.3 we have Y C T , so T Y is
n Ž . Ž .surjective. Moreover, the powers T 
 X 
 X for every nN
 
 3, Corollary 1.3.3 so their image spaces are closed and hence also Y is
closed. By Lemma 2.5 T Y is not injective, so T does not have SVEP at 0.
Ž . Ž . Ž .iii  i Let Y T X . As in the first part of the proof, Y is a
Banach space and T Y is surjective. It is easy to verify that if Tx  x for
some  0 then x Y. Hence
  4 T  0   T Y   T Y .Ž . Ž . Ž .p p
Ž  .From the assumption it follows that 0 is a limit point of  T Y and
Ž  . hence 0  T Y , since the last set is closed. But since T Y is surjective
then T Y is not injective, so T does not have the SVEP at 0.
Ž . Ž . Ž .i  iii Suppose that 0 is not a limit point of  T and let f :p
Ž . Ž . Ž .D 0,   X be an analytic function such that I T f   0 for every
Ž . Ž .D 0,  . For a sufficiently small  0 every 0  of D 0,  is not an
Ž . Ž .eigenvalue of T , so f   0 for every 0 D 0,  . By continuity this
is still true also for  0; hence T has the SVEP at 0.
 Theorem 2.6 improves 8, Theorems 9 and 10 which establish that T
Ž .does not have the SVEP at 0 under the stronger assumption that  Tp
contains a neighborhood of zero.
Ž .COROLLARY 2.7. Suppose that T S
 X has index ind T 0. Then T
does not hae the SVEP at 0.
Ž .  Proof. If ind T 0 then p T  ; see 10, Satz 72.5 .
An example of an operator T which has index ind T 0 and does not
 have the SVEP at 0 may be found in 8 .
Ž .THEOREM 2.8. Suppose that T S
 X . Then
T* does not hae the SVEP at 0  q T  .Ž .
Ž .Furthermore, if T and T* hae the SVEP at 0 then T
 X with
ind T 0.
Ž . Ž . Ž .Proof. It is known that if T S
 X then T* S
 X* and p T*
Ž . q T .
The last assertion is an evident consequence of the fact that if both
Ž . Ž .ascent p T and descent q T are finite, and hence equal, then dim ker T
Ž .   codim T X 10, Satz 72.5 .
Theorem 2.8 shows also that if T and T* have the SVEP at 0 then T is a
RieszSchauder operator, i.e., a Fredholm operator having both ascent and
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descent finite. This has been observed, by means of a more involved
 argument, in 17 .
Ž .If T
 X let us consider the so-called Fredholm set

 T   C : I T
 X . 4Ž . Ž .
Ž .  It is well known that 
 T is an open set 10, p. 506 , so it may be
decomposed in connected disjoint open nonempty components.
Ž .THEOREM 2.9. Let T L X , X a Banach space. Then T has the SVEP
Ž .either for eery point or for no point of a component  of 
 T .
Ž .Proof. The ascent p I T is finite either for every point or for no
 point of  10, Satz 104.3 . Suppose that T does not have the SVEP at
Ž . By Theorem 2.6  I T has infinite ascent and hence p Io o
.T   for every . By Theorem 2.6 it follows that T has the SVEP
at no point of .
Theorem 2.6 has another interesting consequence. Let
 T  C   C : I T
 X , ind T 0 4Ž . Ž .W
Ž .denote the Weyl spectrum of T L X and let
 T  C   C : I T
 X , p I T  q I T   4Ž . Ž . Ž . Ž .B
denote the Browder spectrum of T.
Ž .THEOREM 2.10. Suppose that T L X , X a Banach space, has the
Ž . Ž .SVEP. Then  T   T .B W
Ž . Ž .Proof. The inclusion  T   T is true for every bounded opera-W B
tor, since every Fredholm operator with finite ascent and descent necessar-
 Ž .ily has index 0 10, Satz 72.6, part a .
Ž .Conversely, suppose that   T . Since T has the SVEP at  C,W
Ž . Ž .the ascent p I T is finite by Theorem 2.6; therefore also q I T is
  Ž .finite, by 10, Satz 72.6 . Hence   T .B
In particular, Theorem 2.10 applies to decomposable and generalized
  Ž .scalar operators, since these have the SVEP 13 . The equality  T B
Ž .   T has also been noted in 1, 12 for every multiplier of a semi-primeW
Banach algebra. Indeed, as has been observed above, these operators
enjoy the SVEP.
Ž .Recall that T L X , X a Banach space, is said to be a semi-regular
Ž . nŽ .operator if T has closed range T X and ker T T X for every nN.
Ž . Ž .By Theorem 2.3 if T is semi-regular then C T  T X . Furthermore, in
Ž .   Ž . Ž .this case C T is closed 18, Corollaire 2.6 and hence C T  K T .
 Examples of semi-regular operators may be found in 18 .
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Clearly, every surjective operator is semi-regular, so the next result
generalizes Corollary 1.11.
Ž .THEOREM 2.11. Let T L X , X a Banach space, be a semi-regular
operator. Then
T does not hae the SVEP at 0  T is not injectie.
Proof. Suppose that T is not injective. Since T is semi-regular Y
Ž . Ž . Ž . Ž . T X is closed and T X  C T  K T ; thus T Y is surjective.
nŽ .Furthermore, by assumption, ker T T X for every nN and hence
Ž . ker T T X ; i.e., T Y is surjective but not injective, and thus T does
not have the SVEP at 0.
Ž .COROLLARY 2.12. Let T L X , X a Banach space, be a semi-regular
operator. Then
T* does not hae the SVEP at 0  T is not surjectie.
Proof. Observe first that if T is semi-regular then also T* is semi-
 regular 18 and it is well known that T is surjective if and only if T* is
Ž .bounded below i.e., T* is injective and has closed range . Now, by
semi-regularity, T* has closed range and hence T is not surjective if and
only if T* is not injective.
Ž . Ž .Let  T denote the Kato resolent of T L X , i.e.,K
 4 T   C : I T is semi-regular .Ž .K
Ž . T is an open subset of C and hence may be decomposed in connectedK
Ž  .disjoint open nonempty components see, for instance, 13 .
Ž .THEOREM 2.13. Let T L X , X a Banach space. Then T has the SVEP
Ž .either for eery point or for no point of a component  of  T .K
Proof. Suppose that T does not have the SVEP at   and con-o
sider an arbitrary point  of . In order to show that T does not have the
SVEP at the point  it suffices to show, by Theorem 2.11, that I T is
not injective.
 By 9 , the subspaces H I T are constant on the components ofŽ .o
Ž . T . Moreover, the semi-regularity of I T yields the equalitiesK

n
H  I T H I T  ker I T ,Ž . Ž . Ž .o o o
n0
Ž  . Ž .  4 Žsee 18 . From this it follows that ker I T  0 . Indeed, if ker I
.  4 Ž .n  4T  0 then ker I T  0 for every nN and therefore
 4H  I T H I T  0 ,Ž . Ž .o o o
 4 Ž . Ž .which is impossible, since 0  ker  I T H  I T .o o o
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The result of Theorem 2.11 may be extended to a class of operators
which is strictly larger than the class of all semi-regular operators. Follow-
  Ž .ing Mbekhta 15 , we shall say that T L X admits a generalized Kato
decomposition, abbreviated GKD, if there exists a pair of T-invariant
Ž . closed subspaces M, N such that XMN, the restriction T M is
semi-regular, and T N is quasi-nilpotent. Obviously, the semi-regular
operators correspond, in this decomposition, to the case M X and
 4N 0 .
Ž . Ž .THEOREM 2.14. Suppose that T L X admits a GKD M, N . Then
the following assertions are equialent:
Ž .i T does not hae the SVEP at 0.
Ž . ii T M is not injectie.
Ž . iii T M does not hae the SVEP at 0.
Ž . Ž .iv 0 is a limit point of  T .p
Ž . Ž .Proof. Note first that if T admits a GKD M, N then K T 
Ž  .  Ž  . C T M M 16, where C T M denotes the algebraic core of T M.
Moreover,
K T  ker T K T M ker T K T  ker T MŽ . Ž . Ž .
  Ž  . Ž .and since T M is semi-regular, ker T M C T M  K T . From this
 Ž .we conclude that ker T M K T  ker T.
Now, suppose that T does not have the SVEP at 0. By Theorem 1.9,
Ž .then, there exists an element x ker T , x 0, such that  x .T
Ž . Ž . Ž  .From part i of Theorem 1.8 we have x K T  C T M , so that
 Ž .  4 Ž . Ž .ker T M K T  ker T 0 . This shows the implication i  ii .
Ž . Ž .To show ii  i , assume that T has a generalized Kato decomposition
Ž .   4 M, N with ker T M 0 . By assumption T M is semi-regular; thus
Ž . Ž  .  Ž .  4K T  C T M is closed. Moreover, ker T M K T  ker T 0 .
Ž . Hence, if Y K T , T Y is surjective but not injective and therefore T
does not have the SVEP at 0.
Ž . Ž .iii  ii This follows from Theorem 2.11, since by assumption
T M is semi-regular.
Ž . Ž . Ž . iv  i As has been observed above K T is closed and ker T M
Ž . Ž . Ž  . ker T K T . Moreover, from the equality K T  C T M we obtain
 Ž .that T K T is surjective.
Now, assume that Tx  x for some  0. Then the sequence x  xo
n Ž . Ž .and x  x verifies the conditions 1 and 2 of the definition ofn
Ž . Ž . Ž .  4 Ž  Ž ..K T ; thus x K T . This shows that  T  0   T K T p p
Ž  Ž .. Ž  Ž .. Ž  Ž .. T K T and therefore 0  T K T , since  T K T is closed
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Ž  Ž ..  Ž .and 0 is a limit point of  T K T . Hence T K T is not injective and
 Ž .  4therefore ker T M ker T K T  0 .
Ž . Ž .The implication i  iv has been proved in Theorem 2.6.
 Theorem 2.14 improves 16, Theorem 4.2 which establishes that T does
Ž .not have the SVEP at 0, under the assumption that  T contains ap
neighborhood of zero.
Note that the preceding result also applies to quasi-nilpotent operators.
Indeed, every quasi-nilpotent operator T admits the trivial generalized
 4Kato decomposition M 0 and N X and hence, by Theorem 2.14,
these operators have the SVEP at 0. From this it follows, since for these
operators every 0  C belongs to the resolvent of T , that every
Žquasi-nilpotent operator has the SVEP actually we have much more:
 .these operators are super-decomposable 13 .
Another relevant case is obtained if we assume, in the decomposition
 Žabove, that T N is nilpotent. In this case T is said to be of Kato type see
 .18 .
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